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Abstract. In this paper we investigate operators unitarily equivalent to trun- 
cated Toeplitz operators. We show that this class contains certain sums of 
tensor products of truncated Toeplitz operators. In particular, it contains 
arbitrary inflations of truncated Toeplitz operators; this answers a question 
posed in [4]- 



1. Introduction 

Truncated Toeplitz operators, denned on certain subspaces of the H 2 called 
model spaces, are a generalization of the operators associated with Toeplitz matri- 
ces. They are introduced and discussed in great detail in a recent survey paper by 
Sarason [10) . Some special cases have appeared long ago in the literature: the model 
operators for contractions with defect number one as well as their commutant are 
truncated Toeplitz operators with analytic symbols (see, for instance, [9j fTT| 18]). 
This is a new area of study, and many simple questions remain open. The basic 
reference for this subject is [TU|, subsequent work is done in [2J |H1 O [5] . 

The truncated Toeplitz operators live on the model spaces Kq = H 2 Q QH 2 , 
with an inner function. These are the subspaces of H 2 invariant for the adjoint 
of multiplication by the variable z (see Section [2] for precise definitions). Given 
a model space Kq and a function <f> € L 2 , the truncated Toeplitz operator A® is 
defined on a dense subspace of Kq as the compression to Kq of multiplication by 
<t>. The function <\> is then called a symbol of the operator. For 9 = z n one obtains 
the usual Toeplitz matrices, but consideration of such operators for arbitrary inner 
functions brings up many new and interesting questions. 

In this paper we study unitary equivalence to truncated Toeplitz operators. This 
problem is discussed at length in [4], where it is shown, in particular, that all rank 
one operators, two by two matrices, and normal operators are unitarily equivalent 
to truncated Toeplitz operators. Thus the class of operators unitarily equivalent to 
truncated Toeplitz operators is larger than might be expected. In [1] the authors ask 
several questions concerning this class; in particular, whether it contains inflations 
and direct sums of truncated Toeplitz operators. 
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The purpose of this paper is to continue along this line of investigation. By 
obtaining new classes of operators unitarily equivalent to truncated Toeplitz oper- 
ators, we answer in particular a question in U concerning inflations, and provide 
some partial results related to direct sums. The methods used are mostly based 
on analyzing the action of composition by inner functions on model spaces and on 
truncated Toeplitz operators. It is suggested by the proof of Theorem 5.8 in [4]; 
a similar technique appears, in the case of Toeplitz operators on H 2 , in a much 
earlier paper of Cowen [7|. It should be noted that little is known about unitary 
equivalence to classical Toeplitz operators or to Toeplitz matrices. 

The plan of the paper is the following: the next section is devoted to prelimi- 
naries. We introduce the notations and obtain some basic results concerning the 
effect on model spaces of composition by an inner function. Section 3 contains the 
main result, which is applied to some particular situations in Section 4. Finally, 
Section 5 is devoted to a special type of direct sum, investigating when the direct 
sum of a truncated Toeplitz operator with the zero operator is unitarily equivalent 
to a truncated Toeplitz operator. 

2. Model spaces and composition 

We start by introducing the main objects and results that we shall use; conve- 
nient references are [8] for model spaces and [10] for TTOs. 

Let H 2 be the classical Hardy space of holomorphic functions on the open unit 
disc D having square-summablc Taylor coefficients at the origin. By considering 
radial limits almost everywhere with respect to Lebesgue measure dm on 9D = T, 
H 2 can be identified with the closed subspace of L 2 = L 2 (T,dm) consisting of 
functions with negative Fourier coefficients equal to 0; its orthogonal complement 
L 2 H 2 is denoted by H^_. An element O G H 2 is called an inner function if 
|9(e l4 )| = 1 for almost all t G [0,27r]; an inner function 9 is of order n if is a 
finite Blaschkc product of degree n, and of order infinity otherwise. 

Let S denote multiplication by z on H 2 . The closed subspaces of H 2 invariant 
for the adjoint S* of S are precisely of the form Kq = H 2 OH 2 , with inner; 
they are often called model spaces. In general we will use the notation Py for the 
orthogonal projection onto a given subspace Y of L 2 ; we abbreviate Pjjz to P + , 
P( H 2-j± to P-, and Pff e to Pq. The map / i-> J(.f) = Qzf is an anti-isometry of 
Kq onto itself; in particular, we will use in the proof of Proposition 12.31 the fact 
that if / e K e , then 9/ e zH 2 . 

For G L 2 , the (bounded or unbounded) truncated Toeplitz operator (TTO) A® 
is defined on Kq by A®f = Pe4>f- Note that since H°° n Kq is dense in Kq ([I], 
see also [5]), A® always has a dense domain. The function <j> is called a symbol of 
the operator. It is not uniquely defined; more precisely, 

Af = AS 6 eH 2 +mp. (2.1) 
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Since tensor products appear quite often in the paper, we will use a different 
notation for rank one operators, namely 

0©y)(£) - {€,y)x. 

For A G D one defines 



f — \z z — A 

The functions kf are the reproducing kernels in K® for A 6 D. In the case when 
the angular derivative of 9 at £ S T exists, then formulas (|2.2p . with A replaced by 
Q, define functions in Kq, evaluation in £ is a continuous functional on Kq, and 
fc® is the corresponding reproducing kernel. 

The reproducing kernels produce the rank one TTOs in Kq. More precisely, it 
is shown in [TOl Theorem 5.1] that these are exactly the scalar multiples of kf kf , 
kf kf for A G HJ, and k® /c® for the points (£T where the angular derivative of 
O exists. We will use below the precise form of some symbols (which appears also 
in [10]): namely, </> = z<d is a symbol for fcf k e and, for ( G T, = fc® + ^ - 1 
is a symbol for fc® Q k®- 

Lemma 2.1. Suppose that zs an inner function and that <f> £ L 2 . If A® is 
bounded, then A®^ is also bounded for any j G Z. 

Proof. Suppose first that j = 1. Denote by Pg the projection onto K@ G Osf. 
Take / G K & . We have 

^/ = A%{Pgf + P°)/) = P @ {z<t>Pgf) + P (#(7 - f$)/). (2.3) 

One checks easily that, if g G Kq and g _L fcg , then G A'e. Therefore 
z -fe/ 6 ^e, an d thus 

Pe(z0P°f) = Pe4>(zP^f) = A®( Z P°/). 

Since A® is bounded by assumption, Pez</>P@ is bounded. On the other hand, 
(/ — -Pq), the projection of rank 1 onto Cfc®, has the formula h® h B , where we 



have denoted h® = ttt^- Since z(j)h e G L 2 , z</>/ig h e is a bounded rank one 



operator, and we may write 

Pez^I - P°)/ - P e ^(/, ft^o = Pe ft?) /. 

It follows then from (|2.3[) that is bounded. 

The statement is thus proved for j ' = 1. It is obvious that we may apply induction 
to obtain Af j(f> bounded for any j G N. But if A^ is bounded then A| = (A^)* is 
bounded, and therefore also Af^ = (A^_ jt r)* for j < 0. The lemma is proved. □ 

The result of the next proposition is implicitly contained in the proof of 
Theorem 1]. 
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Proposition 2.2. Suppose B is an inner function. Then the formula 

h ® f k> h(f o B) 

can be extended linearly to define a unitary operator Qb from Kb ® L 2 onto L . 
The operator fig maps Kg (g> H 2 onto H 2 . 

Proof. To show that the given map is isometric, it is enough to check that it maps 
an orthonormal basis of Kb <8> L 2 to an orthonormal family of L 2 . Let (hiji^i be 
an orthonormal basis for Kg; then [hi ® z 3 )i^ij^z is a basis for Kb ® L 2 , and we 
have to show that 

{h i B\h il B i ') = 8i, v 6j, jl . 

If j = j , then 

//,/>"./',/;' <\.r 

since multiplication by an inner function is isometric. On the other hand, if j ^ j' , 
assume, for instance, that j < j ; then 

(h k B 3 ,h k >B 3 '} = {h k ,h k >Bi'-i) 

which equals zero since the first term is in Kb, while the second is in BH 2 . 

Wc have Cl B (K B <Z> Cz j ) = B^K B - Since L 2 = ®, g g B 3 K B , it follows that n B 
is onto and thus unitary. Also, H 2 = © JgN B 3 Kg, and thus Q,b maps Kb <E> H 2 
precisely onto H 2 . □ 

We will now consider a second inner function 0. Remarkably, the unitary oper- 
ator of Proposition 12 . 21 behaves well with respect to Kq. 

Proposition 2.3. Suppose that B and are inner functions, while Qb is the 
unitary defined in Provosition \2.2l Then 

n B (K B <e> en 2 ) = (e o b)h 2 , n B (K B ® k&) = k QoB . 

Proof. It is enough to prove the inclusions VLb{Kb ® QH 2 ) C (0o B)H 2 and 
Qb(K b ® Kq) C K @oB , since fl B is unitary and H 2 = (Q o B)H 2 @ K BoB - 
If we fix h G Kb and j G N, we have 

B (/i ® Oz J ) = /i(6 o B)B j e (0 o B)ii 2 , 

and thus the first inclusion is true. 

For the second inclusion, let / be another element of Kq. We need to see that 

(h(foB),(6oB)z k } = 

for all k > 0. This equality can be written as 

(S* k h, (0/) oB) =0, 

where 5 is the shift operator on H 2 (Sf = zf). But, if / G A'e, then 0/ € zi? 2 , 
and therefore (Qf)oB G Si? 2 . Since h G Ab and S*Kb C A#, the scalar product 
above is indeed null. □ 
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We will denote by ujb ■ Kb <8> Kq — > Kq b the restriction of SIb to Kb ® Kq. 

3. Truncated Toeplitz operators 
Wc start with a lemma about the action of certain multiplications. 

Lemma 3.1. Suppose that B is an inner function, ip,<j) G L 2 , h G Kb H H°° , 
f G L°° , and that the operators A 1 ^^ are nonzero only for a finite number of 
j G Z. Then 

M o B)Q B (h ® /) = n B (X)(Ai^ ® 

j 

Proof. We have ^(0 o B)ilB(h ® /) = "0(0 ° B)h(f o B). The assumptions imply 
that £i 2 = jez S'-RTb- Since 

P B iK B (i>h) = B*P KB B^h = ,.//. 

and ^Ijjj^ 7^ only for a finite number of j. it follows that in the orthogonal 
decomposition "0/i = . Pbj Kb (^^) the sum is finite. Thus, we can write 

#(^oB)(/o5)= I^P B3Kb (#)) (4>oB)(foB) 



^2 Bj PB(B j ^h)((f> oB)(fo B) 

3 



which finishes the proof. □ 

Theorem 3.2. Let B and be inner functions, and suppose that ip,(j) G L 2 are 
subjected to the following conditions: 

(a) The operators A 1 ^^ are bounded and nonzero only for a finite number of 

jez. 

(b) A® is bounded. 

(c) iP((j)oB) G L 2 . 

Then A®^ oB j is bounded, and 

A%$ oB) u B = cob \J2(A§ H ® A%M . (3.1) 

Proof. Let us note first that, since ilg(Kg ® Kq) = Kq b, we have 

Pe°B = {Ib(Pb ® Pe)n%- 
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Let h G Kb n H°°, f G K& r\H°°. We have, using Lemma EU 

i 

= w B (X;(A|^®A^/))- 
j 

By Lemma [2.11 A® , is bounded for any j. Therefore the operator on the right 
hand side of the last equation is bounded by assumption; it follows that A^°^ oB ^ is 
also bounded, and (|3.ip is true. The theorem is proved. □ 

Remark 3.3. (1) If ip G B k K B for some k G Z, then = for j ^ k, k + 1, 

while ip(<f> o B) G L 2 by Proposition 1X21 Therefore, if ip G ®j & jB j K B for 
a finite set J, then Ajjj^ is nonzero only for a finite number of j G Z, 
while ip(<fi o B) G L 2 . Thus part of the hypotheses of Theorem 13.21 arc 
automatically satisfied. 
(2) The boundedness conditions in the statement of Theorem 13.21 are immedi- 
ately satisfied if 0, ip G H °° . It is known however [2j [3] that there exist 
bounded TTOs that have no bounded symbols, and therefore such an as- 
sumption would reduce the generality of the result. In [2] one characterizes 
precisely the inner functions O that have the property that any bounded 
TTO on Kq has a bounded symbol. 

We will discuss in the next section several applications of Theorem 13. 21 but first 
we give some simple but important consequences. 

Corollary 3.4. Suppose that O is an inner function, that <fi G L 2 , and that B is 
an inner function of order k for some k = 1, 2 . . . , oo. Assume also that A® is 
bounded. Then A®°® is bounded and unitarily equivalent to Ik ® A® . 

Proof. Take ip = 1. We have A^ = I Kb and , = for j ^ 0, whence (a) 
in Theorem 13.21 is satisfied, (b) is satisfied by assumption, while (c) is true since 
4> o B G L 2 by Littlewood's Subordination Theorem. Therefore A®° B is bounded, 
and (|3.1|) becomes 

A%§w b =u>b(I Kb ®A$), 
which proves the corollary. □ 

For any and k, if we take B to be an inner function of order k, then Corol- 
lary OQ] answers Question 5.10 of [4]. 

The next immediate consequence is the analogue for TTOs of a result for usual 
Toeplitz operators from the paper [7] mentioned in the introduction. 
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Corollary 3.5. Suppose that is an inner function and that <fi E L? , such that 
A® is bounded. If B\ , E>2 are two inner functions of the same order, then A®°g^ 
and A®°g* are bounded and unitarily equivalent. 



4. Applications 

We intend to apply Theorem 13.21 to different choices of B and/or 0, in order to 
find several classes of operators which are unitarily equivalent to TTOs. In all the 
examples in this section we choose ip G Kb- Then the assumptions of Theorem 13.21 
are satisfied (see Remark 13.31 (1)); moreover, Ag^ , = for all j ^ 0,1. Thus 
we have the following corollary of Theorem 13.21 which deserves to be mentioned 
separately. 

Corollary 4.1. Ifip e Kb and A B , A^, A® are bounded, then A®°^ oB ^ is bounded 
and 

a T(^b = u>b[A$ ®A*+ Ag 4 , ® A%). (4.1) 

4.1. Suppose B(z) = z n . Then Kb is equal to the set of analytic polynomials of 
degree at most k — 1, and the monomials ip m (z) = z m , m = 0, . . . , k — 1 form a 
basis of Kb- If A= (a^) is the matrix of A^ with respect to this basis, then 




1 if i = j + m, 
otherwise, 



and A^ m = (Al_J*. 

Let (f> m £ I? , m = 0, ...,n — 1, such that all the operators A? m are bounded. 
Define 

n— 1 n— 1 

m— m— 

Using the natural identification of Kb <8> Kq with the direct sum of n copies of 
K®, formula (|4.1[) and the above remarks imply that Af° B = X)m=o A f™ f(p oB) * s 
bounded and unitarily equivalent to the block Toeplitz operator matrix 

/ A io A l^-i ■■■ A ^4>i\ 

a 4>i A 4>o ■ ■ ■ A z<p 2 

\ A $n-l A ®n-2 ■ ■ ■ A ^0 ' 

It is easily seen that, for k < oo, Corollary 13.41 is a particular case of the above 
formula. 
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4.2. Next, suppose that Q(z) = z n . An argument similar to the one above gives 
us yet another class of block Toeplitz operator matrices which are equivalent to 
truncated Toeplitz operators. This time, we take functions tpi S Kb (—n < i < 
n — 1), and we assume that A B . is bounded for —(n — 1) < i < n — 1, while A^ 
is bounded for — n < i < n — 2. Consider a symbol function of the form 

n-l 

h(z)= Y, ^™{z)B m (4.2) 

m=—n 

Then the operator A B is bounded and unitarily equivalent to the following block 
Toeplitz operator matrix, each entry of which is a truncated Toeplitz operator 
on Kb- 

/ A B A B A B \ 



A B A B A B 

i/'i + B'/'o Vo+BV'-i ' ' ' V-(i l -2)+BV'-(n 



(4.3) 



\ A B A B A B - 

If A = (oj_j)jj = i n is a classical Toeplitz matrix, then, by considering the 
function h in (|4.2[) with ^ = cij we obtain (noting that A^ = 0) that A^-m i s 
unitarily equivalent to A 7x B for any inner function i3. This is Theorem 5.8 

of a. 

4.3. Suppose that B, are arbitrary inner functions and that <f> = zO. As noted 
in Section HJ A® = fc® kfi . On the other hand, Af^ = = 0. Therefore fljZQ) 
implies that, if tp £ Kb and A B is bounded, then is bounded and unitarily 

equivalent to A% <g> (kff kff ). 

The following lemma is well known (and easy to prove). 

Lemma 4.2. Two operators of rank one Xi yi £ C(£i), i = 1,2, are unitarily 
equivalent if and only if the following are satisfied: 

( 1 ) dim E\ = dim £2 ; 

(2) K||||yi|| = ||x 2 ||||y 2 ||; 

(3) {xi,yi) = {x 2 ,y2}- 

Corollary 4.3. Suppose that R = x y is a rank one operator on a Hilbert space 
£ with dimf > 2. The following are equivalent: 

(i) There exists an inner function such that R is unitarily equivalent to a 
scalar multiple of fc® k® acting in Kq . 

(ii) Either R = or x,y are not colinear. 

Proof. Suppose that (i) is satisfied. Then dimKe = dim£ > 2. According to 
we have 

|<fc e ,fc e >| \k®(0)\ 



\\kf\\.\\kf\\ (i-ie(o)l 2 ) 



- = |0' (0)|(1 -|0(O)| 5 
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The last expression can be 1 only if O(z) = z, which contradicts dim if e > 2. Thus 
it is < 1, so fe® and k® are not colinear. If R ^ 0, it follows from Lemma \4. 21 that 
x and y are not colinear. 

Conversely, take a nonzero operator of rank 1 xQy acting on£; we may suppose 
that it has norm 1, and therefore that ||x|| = \\y\\ = 1. Then if O is such that 
0(0) = 0, 0'(O) = (x,y), and dimA'e = dim£, a second application of Lemma l4~2l 
implies that x y is unitarily equivalent to k$ O k® . □ 

Let us also note that if ip is analytic, then = Ap eJ p. Then Corollary 14.31 
together with the comments preceding Lemma 14.21 lead to the following result. 

Proposition 4.4. If ip is an analytic function, A^ is bounded, and R is a non- 
self adioint operator of rank one, then A^ R is unitarily equivalent to a TTO. 

Question: What happens if R is selfadjoint? Then A^ ®R is unitarily equivalent 
to a scalar multiple of A^ © (where the zero operator operates on a space whose 
dimension is equal to the dimension of the range of I — R) . More about this in the 
next section. 



Question 5.11 of [4] asks for conditions under which a direct sum of TTOs is 
unitarily equivalent to another TTO. We are interested here in the situation where 
one of the operators is on a space of a given dimension k. The question then 
becomes: find classes of TTOs A and integers k = l,2,...,oo such that, if Ofe 
denotes the zero operator on a space of dimension k, then A © Ofc is unitarily 
equivalent to a TTO. 

Two such classes of truncated Toeplitz operators have already been discovered: 

(1) A a rank one operator, k arbitrary (by [U Theorem 5.1].) 

(2) A a normal operator, k arbitrary (by [H Theorem 5.7].) 

Below we present two more classes of pairs (A, k) that belong to the category 
described above. The first is obtained by using the techniques of the previous 
section. 

Theorem 5.1. Let B be an inner function, ip £ Kb, C £ T, and n £ N U {oo}. If 
d = dim Kb, then the operator A^^g^, nc i is unitarily equivalent to a TTO. 

Proof. Let be an inner function whose angular derivative at £ exists and such 
that dim K® = n + 1. As noted in Section [21 kf &kf is a TTO on Kq with symbol 



kf + kf - 1. 

Let </> = kf + kf - 1 + 0(C)0; then <\> is also a symbol of kf kf by ([2TT]) . and 
a simple calculation shows that <j> — (ztfi = — 0(^)0 + 0(C)0- Applying again (|2.ip . 
it follows that A% = (Af, = kf kf . So, by using (f3~Tj) . we obtain that 



5. Direct sum with zero 
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Since fc® fe® is a self adjoint operator of rank one, p^p A^ +( .g^ ® (^C ® ) 
is unitarily equivalent to A^^g^ ffi 0^ ffi ... ffi 0^, where 0^ is repeated n times. 
Therefore the last operator is unitarily equivalent to the TTO defined on Kq b 
and with symbol j^i* (kf o B + kfoB + 9(C)6oB - . □ 

A particular case of Theorem 15.11 is worth mentioning: taking Q(z) = z 2 , one 
obtains that the operator A^^g^ © 0^ is unitarily equivalent to A^^ oB ^ , where 
4>{z) = \(?z 2 + Cz + l + Cz). 

The second result in this direction is obtained without using the previous sec- 
tions; we have added it because its fits naturally in this context. We start with a 
simple lemma. 

Lemma 5.2. Suppose Q is inner and (j> G H°° . Then Kq ©ker^4? = K u for some 
inner function u which satisfies u\Q and Q\u<p. 

Proof. We claim first that ker A® ffi QH 2 is a z-invariant subspace of H 2 . Indeed, 
since QH 2 is z-invariant, what is left is to see that z(ker A® ) C ker A® © QH 2 . But 
/ G ker A® implies that <\>f G QH 2 , whence zcj>f G QH 2 . Thus, using the fact that 
cj>{QH 2 ) C QH 2 , we have that: 

A${P s {zf)) = P&4>P @ {zf) = P e ((/>zf - <j>P @H *{zf)) = 0, 

which means that Pe(zf) G ker A^ and thus zf G ker A^ ffi QH 2 . 

It follows then that ker A® ffi QH 2 = uH 2 for some inner function u, and thus 

K& ker^ = H 2 © (ker A% + QH 2 ) = K u . 

It is immediate that K u C Kg is equivalent to u\Q. As for the second divisibility 
property, note first that, since is analytic, <fi(QH 2 ) C QH 2 . Also, if / G ker A®, 
then 

H = PeW) + Pbh-W) = A®f + Pe H *W) = P eH ^W) 6 QH 2 . 
Since uH 2 = ker A^ ffi QH 2 , it follows that cj)uH 2 C QH 2 , whence Q\u<j>. □ 

Theorem 5.3. Suppose Q is inner, <f> G H°° , and (A®) 2 = 0. If k = dimAe 
ker A® , then A® © 0^ is unitarily equivalent to a TTO. 

Proof. Applying Lemma f5.2l we have A'e = A„0ker A® for an inner function u with 
u\Q and Q\u(j>. The matrix of A® corresponding to the orthogonal decomposition 
A' e = Ku ffi ker A^ is 

Let us consider the TTO A^ acting on K u ®. We want to find its matrix 
according to the orthogonal decomposition 

K u@ = K u ffi uK e = K u ® uK u ffi w(ker A?). 
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First, if / G K u , then 




%f = P u e(u(l>f) = uPe(uu<f>f) 



uA*f, 



Equation (|5.1[) shows us then that the first column of the matrix of A™® is (0 uAf 1 . 

On the other hand, Q\u4> implies that uQ\u 2 cf>, and therefore that u(j>(uH 2 ) C 
uQH 2 , whence the two remaining columns of the decomposition are formed only 
by zeros. Therefore the matrix of A"? is 



Finally, an operator unitarily equivalent to A"® is obtained through a permutation 
of the two first spaces (which have the same dimension, that of K u ). The matrix 
is then transformed into 



which, again by (|5.1[) , defines an operator unitarily equivalent to A® © Odimiw D 

Let us note that there is no loss of generality in supposing <j) G H°° , rather than 
4> G H 2 and A® bounded. Indeed, the last assumptions imply, by the commutant 
lifting theorem, that A® has a symbol in H°°. Also, a similar result obviously holds 
in the case where <j) is antianalytic. 
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